In this paper, we propose a multivariate market model with returns assumed to follow a multivariate normal tempered stable distribution. This distribution, defined by a mixture of the multivariate normal distribution and the tempered stable subordinator, is consistent with two stylized facts that have been observed for asset distributions: fat-tails and an asymmetric dependence structure. Assuming infinitely divisible distributions, we derive closed-form solutions for two important measures used by portfolio managers in portfolio construction: the marginal VaR and the marginal AVaR. We illustrate the proposed model using stocks comprising the Dow Jones Industrial Average, first statistically validating the model based on goodnessof-fit tests and then demonstrating how the marginal VaR and marginal AVaR can be used for portfolio optimization using the model. Based on the empirical evidence presented in this paper, our framework offers more realistic portfolio risk measures and a more tractable method for portfolio optimization. JEL Classifications: C58, C61, G11, G32
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Introduction
A major contribution to the theory of portfolio theory is the mean-variance model presented by Markowitz (1952) . Although some of the assumptions underlying the model have been challenged since its introduction, the importance of the model cannot be overstated. The optimization model has been used for the asset allocation decision, portfolio construction within an asset class, and in asset-liability management. 1 Alternative models have been proposed based on the relaxation of one or more of the model's assumption. Although a review of all of these extensions is beyond the scope of this paper, we mention two assumptions that are relevant for this paper.
The first is the assumption that asset returns follow a normal (Gaussian) distribution and therefore the use of the variance as a measure of risk ignoring higherorder moments. The assumption of the normality of return distributions has dominated financial theories despite the preponderance of empirical evidence that dates 1 See Fabozzi et al (2002) for a review. 2 back to Mandelbrot (1963a Mandelbrot ( ,1963b and Fama (1963) who find no support for this assumption, as well as theoretical arguments that suggest return distributions will not be normally distributed. 2 What studies have found is that asset returns exhibit fat tails and asymmetry. Consequently, non-Gaussian distribution models that can accommodate the observed stylized facts about return distributions have been proposed for use in optimization models for portfolio construction, particularly in the case of equities.
The subordinated Gaussian distribution is a popular model for constructing a multivariate market model that accommodates fat tails and asymmetry. This distribution is defined by taking the multivariate normal distribution and changing the variance to a strictly positive random vector. For example, in Rachev and Mittnik (2000) , portfolio analysis is formulated assuming an α-stable subordinated Gaussian distribution. Subsequently, the inverse Gaussian subordinated Gaussian distribution (normal inverse Gaussian distribution) and the inverse gamma subordinated Gaussian distribution (skewed-t distribution) have been applied to portfolio analysis by Øigård et al (2005) , Aas et al (2006) , Eberlein and Madan (2010) , Stoyanov et al (2009) , and Adcock (2010) .
The second assumption, which is related to the first assumption, is the use of portfolio variance as a measure of risk. Alternative risk measures have been proposed. One of the most popular is the value-at-risk (VaR) measure, its popularity being the result of its endorsement by bank regulators despite the wellknown limitations of this measure. A better risk measure that overcomes many of the limitations of VaR and, unlike VaR, is a coherent risk measure is average VaR (AVaR).
3 The closed-form solution for AVaR for the α-stable distribution, the skewed-t distribution, and the infinitely divisible distributions containing tempered stable distributions have been derived by Stoyanov et al (2006) , Dokov et al (2008) , and Kim et al (2010) , respectively. Portfolio optimization using AVaR is also studied in Mansini et al (2007) .
An important measure derived from portfolio optimization that managers utilize in making portfolio rebalancing decisions or re-optimization decisions is the marginal risk contribution of a portfolio holding. This risk measure with respect to a given portfolio holding can be thought of as the rate of change in risk (whether it is variance, VaR, or AVaR) with respect to a small percentage change in the size of a portfolio holding and is defined by the first derivative of the risk measure with respect to the holding's marginal weight. Because of the importance of this measure in portfolio decisions, a closed-form solution for this measure is needed. The general form of marginal risk contributions with respect to the VaR and AVaR are provided in Gourieroux et al (2000) .
In this paper, we propose a multivariate market model with returns assumed to follow a multivariate normal tempered stable (MNTS) distribution. The MNTS distribution, defined by a mixture of the multivariate normal distribution and the tempered stable subordinator, 4 captures the fat-tail property of asset returns and has an asymmetric dependence structure. We derive closed-form solutions for the marginal VaR and marginal AVaR for infinitely divisible distributions and apply them to the MNTS market model (hereafter simply the MNTS model). We illustrate the procedure using actual stocks, first statistically validating the MNTS model using goodness-of-fit tests and then demonstrating how the marginal VaR and marginal AVaR can be used for portfolio optimization under the MNTS model.
We have organized the paper as follows. The MNTS distribution is presented in Section 2. Closed-form solutions for the marginal VaR and AVaR for infinitely divisible distributions are presented in Section 3, where we also discuss portfolio optimization using the marginal VaR and the marginal AVaR. In Section 4, the market model assuming the MNTS distribution is discussed and the closed-form solutions for the marginal VaR and AVaR are applied to the portfolio return for the MNTS model. The empirical illustration for the MNTS model is provided in Section 5 which also reports (1) the empirical results of parameter estimations and the goodness-of-fit tests for the MNTS model and (2) the marginal VaR and AVaR values together with optimal portfolios using those two marginal risks. In Section 6, we summarize our principal findings. In the paper's appendix, we present the proof of the closed-form solution for the marginal VaR for infinitely divisible distributions.
Multivariate Normal Tempered Stable Distribution
Let α ∈ (0, 2) and θ > 0. The purely non-Gaussian infinitely divisible random variable T whose characteristic function is given by
is referred to as the classical tempered stable (CTS) subordinator with parameters (α, θ).
T = the CTS subordinator with parameters (α, θ), α ∈ (0, 1) and θ > 0, such that T is independent to ε n for all n = 2, · · · , N .
Then the random variable X is referred to as the multivariate NTS (MNTS) random variable with parameters (α, θ, β, γ, µ, ρ) which we denote by X ∼ MNTS(α, θ, β, γ, µ, ρ). The mean and variance of X are equal to E[X] = µ, and covariance between X k and X l is given by
Proof. The random variable x T X can be represented by
x n γ n ε n .
Since we have
by the property of linear combination of normal random variables, we obtain the result by the definition of NTS distribution.
Providing µ n = 0 and γ n = 1 − β 2 n 2−α 2θ
T . In this case, X is referred to as the standard MNTS random variable with parameters (α,θ,β,ρ) and we denote it by X ∼ stdMNTS(α,θ,β,ρ).
Marginal contributions of VaR and AVaR
In this paper, we assume that (1)
T is a random vector of returns for N stocks, (2) R p (w) = w T · R is a portfolio return for a weight
,n =j w n R n for j ∈ {1, 2, · · · , N }. Moreover, let φ Rp(w) denote the characteristic function of R p (w), and f (Y,Z) (u, v) and φ (Y,Z) (u, v) be the density and characteristic functions of (Y, Z), respectively. Then clearly we have R p (w) = Y + w j Z.
The definition of VaR for R p (w) with the significance level η is
If R p (w) is continuous, then we have
where
Rp(w) is the inverse function of the cumulative distribution function of R p (w). The first derivative of VaR η (R p (w)) with respect to w j , the j-th element of w, is referred to as the marginal VaR. The marginal VaR is computed by the following proposition whose proof is provided in the appendix to this paper.
Proposition 2. Assume that P[R P (w) = −V aR η (R P (w))] = 0 and the random variables Y and Z are continuous and infinitely divisible. If there are b < 0 and
The definition of AVaR for R p (w) with the significance level η is
Suppose R p (w) is infinitely divisible and the distribution function of R p (w) is continuous. If there is δ > 0 such that |φ Rp(w) (−u + iδ)| < ∞ for all u ∈ R, then the following formula for AVaR η (R p (w)) can be obtained:
The first derivative of AVaR η (R p (w)) with respect to w j is referred to as the marginal AVaR. By taking the first derivative of equation (6) with respect to w j , we easily obtain the marginal AVaR as the following proposition without proof:
Proposition 3. Suppose R p (w) is infinitely divisible and the distribution function of R p (w) is continuous. If there is δ > 0 such that |φ Rp(w) (−u + iδ)| < ∞ for all u ∈ R, then the marginal AVaR with respect to R p (w) is equal to
Suppose a portfolio weight vector w =(w 1 , w 2 , · · · , w N ) T is given and let ∆w = (∆w 1 , ∆w 2 , · · · , ∆w N )
T ∈ D where D is a zero neighborhood in R N . The optimal portfolios with respect to VaR and AVaR are obtained by solving the following problem:
subject to ∆VaR η (R p (w)) ≤ 0 and
and
subject to ∆AVaR η (R p (w)) ≤ 0 and
we can find the optimal portfolio on the local domain D with respect to VaR and AVaR, respectively, as follows: 
Marginal VaR and marginal AVaR for MNTS model
We say that the random vector R for N stocks follows the MNTS model if we have
for n ∈ {1, 2, · · · , N }, and * is the element-wise product. 7 Moreover, we have 7 The element-wise product is defined as
T is given by the linear combination of w and R as follows
w n σ n γ n ε n .
By Proposition 1, we obtain
Hence, the characteristic function of R p (w) is given by
The first-order partial derivative of the characteristic function of R p (w) for w j is equal to
for j ∈ {1, 2, · · · , N } Under the MNTS model, the values Z = R j and Y = N n=1,n =j w n R n for j ∈ {1, 2, · · · , N } are equal to
Moreover, we have
and hence we have
Since uZ + vY is a linear combination of (Y, Z) for (u, v) ∈ R, uZ + vY becomes a NTS random variable; that is,
by Proposition 1. Hence the characteristic function of (Y, Z) is given by
We can prove that
Therefore, by substituting (16) into (5) with b and c such that
we obtain the marginal VaR with respect to the j-th stock in the portfolio under the MNTS model. Moreover, by substituting (13) and (15) into (7), we obtain the marginal AVaR with respect to the j-th stock in the portfolio.
Empirical illustration
In this section, we report the maximum likelihood estimation (MLE) of the MNTS model using data obtained from OptionMetricss Ivy DB in the Wharton Research Data Services. In our empirical study, we use historical prices for 29 of the 30 component stocks comprising the Dow Jones Industrial Average (DJIA) as of October 2010. 8 The name of the 29 stocks and their tickers are listed in Table 1 . First, we take the stock prices for the 29 companies from November 1, 1999 to October 31, 2009. The number of daily returns for each stock and the index is 2,516. Then we form an equally weighted portfolio with those 29 stocks, calculating the marginal VaR and marginal AVaR with respect to each stock in the portfolio. Finally, we find the optimal portfolio which locally minimizes VaR and AVaR.
We assume that daily returns of the 29 stocks follow the MNTS model. That is R = µ + σX where µ and σ are the mean vector and the standard deviation vector for those 29 stock returns, and X is the 29-dimensional standard MNTS random vector with parameters (α, θ, β, ρ). We estimate µ and σ by the sample meanμ and the sample standard deviationσ for the historical data. Parameters α and θ, which are obtained from the CTS subordinator, are estimated using the DJIA data. That is, we assume that normalized daily returns for the DJIA follows the standard NTS distribution, and fit those parameters using the MLE. The estimated values using this method are presented in Table 2 . We use the Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) goodness-of-fit tests. Then, we fit the standard MNTS parameter by MLE using normalizing data for the 29 stock returns.
For each j-th stock (j = 1, 2, · · · , 29) we assume that the normalized return follows the standard NTS distribution with parameter (α, θ, β j ) and estimate β j using the MLE with α =α and θ =θ whereα andθ are reported in Table 2 .β j denotes the estimated value of β j and letγ j = 1 −β
. The estimated parameters are presented in Table 3 along with the goodness-of-fit test statistic. Based on the KS test, only the estimated parameters for six of the 29 stocks are rejected at the 1% significance level. None of the parameters for the stocks are rejected based on the AD test at the 1% significance level. The matrix ρ is estimated by (4). That is,ρ
γ kγl for k, l ∈ {1, 2, · · · , 29}, where cov(X k , X l ) is the sample covariation between the k-th stock and the l-th stock returns. Matrixρ, which is the estimated matrix for ρ, is presented in Table 4 .
Consider an equally weight portfolio for the 29 stocks. Then the portfolio return R p (w) is equal to 29 j=1 w j R j where w j = 1/29 and R j is the random variable for the daily return of the j-th stock in the portfolio. Under the MNTS model, R p (w) becomes the 1-dim NTS distributed random variable by Proposition 1. If we assume that R = µ + σX where X ∼ N (0, Σ), then we obtain the normal model. In the normal model, the portfolio return R p (w) follows a normal distribution with mean µ and variance (w * σ)
T Σ(w * σ). Using the estimated parameters in Table 3 and the matrixρ in Table 4 , we obtain R p (w) ∼ NTS(α,θ,β,γ,μ), whereα = 1.0301,θ = 0.2205,β = 4.7763 · 10 −4 ,γ = 0.0142, andμ = 2.7788 · 10 −4 by parameterization of Proposition 1. The probability density functions for the NTS, normal, and empirical distributions are presented in Figure 1 . Comparing the empirical density to the NTS and normal density in Figure 1 , we find that the portfolio distribution assuming the normal model is not similar to the empirical distribution, while the portfolio distribution assuming the MNTS model is very similar to the empirical distribution. More precisely, we show the Q-Q plots in Figure 2 . The empirical density deviates significantly from the normal density as can be seen from the first Q-Q plots in Figure 2 . This deviation almost completely disappears when we use the MNTS model.
Applying the KS and AD tests to the difference between the empirical portfolio return distribution and the portfolio distribution of the MNTS model, we obtain KS = 0.0264 with p-value 0.0588 and AD = 0.0562 with p-value 0.9999. For both the KS and AD tests, the portfolio distribution of the MNTS model is not rejected at the 1% significance level. The KS statistic applied to the empirical portfolio return distribution and the portfolio distribution of the normal model is 0.4753 with a p-value of zero.
10 Hence, the portfolio distribution of the normal model is rejected at 1% significant level by the KS test.
The VaR and the AVaR values for the equally weight portfolio for the 29 stocks at confidence levels {0.1%, 0.2%, · · · , 1%, · · · , 5%} are exhibited in the left (for VaR) and the right (for AVaR) panels of Figure 3 , the AVaR of the MNTS model is relatively similar to the empirical AVaR compared to the normal distribution. Table 5 provides the marginal VaR and marginal AVaR calculated based on Propositions 2 and 3 for the 29 stocks in the equally weighted portfolio under the MNTS model. As we explained at the end of Section 4, the marginal VaR is obtained by substituting (16) into (5), and the marginal AVaR is obtained by substituting (13) and (15) into (7). As shown in Table 5 , five stocks contribute greatly to the portfolio 1%-VaR, and five stocks contribute greatly to the portfolio 1%-AVaR. Two stocks (AXP and JPM) are common to both.
We refer to the optimal portfolios obtained by (10) and (11) as the VaR-optimal portfolio and the AVaR-optimal portfolio, respectively. Results for these optimal portfolios are also in Table 5 under the local domain
The initial portfolio is the equally weighted portfolio. The ∆w * by (10) and (11) are located in the fourth and the eighth columns in the table, and w new = w +∆w * are presented in the fifth and the ninth columns. The expected daily return is 10 We do not mention the AD test since we obtained an infinite AD value for the normal model.
· 10
−4 for the equally weighted portfolio, and the expected daily returns for the VaR-optimal and the AVaR-optimal portfolios are 3.4449 · 10 −4 and 3.5397 · 10 −4 , respectively. The relative change for the expected daily return is defined by
Values of the relative change for the expected daily returns are 0.2397 and 0.2738 with respect to the VaR-optimal and the AVaRoptimal portfolios, respectively. That means the investor obtains a 23.97% and 27.38% better expected daily return for the VaR-optimal and the AVaR-optimal portfolios, respectively.
Conclusion
In this paper, we describe the MNTS distributed market model and derive the closed-form solution for two important measures used by portfolio managers: the marginal VaR and the marginal AVaR. The proposed model is applied to the analysis of an equally weighted portfolio comprised of 29-component stocks of the DJIA. We find that the time series models based on the multivariate normal distributed model is rejected empirically and therefore does not provide a reliable distribution of portfolio returns. Our empirical evidence indicates that the MNTS model provides more realistic results in measuring market risk compared to standard models based on the normal distribution assumption. Finally, after deriving a closed-form solutions of the marginal VaR and the marginal AVaR based on the MNTS model, we applied these formulas to optimize the portfolio with 29 stocks.
Appendix: Proof of Proposition 2
In order to prove Proposition 2, we need the following lemma. Lemma. If P[R P (w) = −V aR η (R P (w))] = 0, then we have
Proof. By the definition of VaR η (R p (w)), we have
where f (z, y) is the probability density function for (Y, Z). Taking the first derivative with respect to w j , we obtain
Hence, we have
Proof of Proposition 2. The pdf of (Y, Z) is obtained by the complex inversion formula as follows:
On the other hand, we have
Since b < 0 < c and we have
By substituting (18) and (19) with m = w j into (17) in the above lemma, we obtain the result. Sample standard deviation of daily returns 1.27 · 10 
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